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Abstract

When a Boolean function is transformed by exclusive-

OR with a suitably selected transform function, the new

functzon is often synthesized wzth significantly reduced

hardware. ‘I’he transform function M separately syn-

thesized and the ortgmal functton is recovered as an

exclusive-OR of the two functtons. We select the trans-

form to reduce the number of cubes in the function to be

synthesized. The function is represented as a Shannon

ezpansion about selected vartables. A transform functton

M constructed such that a selected set of cofactors is cent -

plemented to minimize the overall number of cubes. Ex-

amples of single-output functions show an atierage area

reduction of 19%. For a multiple-output function, trans-

formations can be customized for each output.

1 Introduction

The size of the implementation for a logic function is

often measured in terms of gates or, for a specific technol-

ogy, as chip area. Other relevant characteristics are delay,

testability and power consumption. The present work

deals with the size alone. Most complex Boolean func-

tions have about half of their minterms as true [1]. For

arbitrary multiple output functions, the average multi-

level implementation size has been empirically studied by

Cheng and Agrawal [2]. Most previous work is based

on the minterm representation of functions. Large func-

tions, however, are generally described more compactly

by cubes or product terms of their minimized sum of

products representation. Therefore, we will use the cube

description.

In a recent paper [3], we proposed the use of exclusive-

OR transforms on input variables for adder and compara-

tor circuits. Similar transforms are also used in spectral

methods [4], The basic disadvantage is that a common

transform must be found for all output functions. In

the output transform method, aa discussed in the present

work, each output function can have a customized t rans-

form that best suits it.
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Figure 1: Synthesis architecture

2 The Proposed Synthesis Architecture

Figure 1 shows an rn output function (~1, f2, . . . . fm) of

n variables Zl, X2, . . . . Zn. A set of transform functions,

(tl,tz, ... . t~), is derived from the sum of products de-

scription of the specified outputs. These are obtained by

a function-specific transform network whose inputs are

the primary input variables. The functions to be synthe-

sized are derived as:

g~=fi~ti (1)

Each fi is recovered by an exclusive-OR gate:

fi=gi@ti (2)

The cost of the transformation is r-n exclusive-OR gates

at the output and the network to derive t is. The max-

imum number of exclusive-OR gates needed is m. The

combined size of the entire network including the trans-

form network and the output exclusive-ORs should re-

quire fewer gates than a conventionally designed multi-

level circuit. The contribution of this paper is a method

of finding tissuch that the complexity of gis is signifi-

cant y reduced, leading to an overall reduction in the size

of the complete implementation.

In general, the transform network is simpler and can be

synthesized with lower delay than the network that real-

izes gis. Since the transform simplifies gis with respect to

~is, we can expect gis also to have lower delays. However,
there are added delays due to extra fanouts at primary

inputs and the exclusive-OR gates at the outputs. In the
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Figure 2: Recursive application of Shannon expansion

examples, we have only emphasized area optimization.

Still, delay penalties were either very small or none.

3 Theory

We restrict our discussion to single output functions.

This procedure can be applied successively to each func-

tion of a multi-output circuit.

In experiments with random functions we observed a

good correlation between the number of cubes in the min-

imumsum of products (MSOP) form of a function and the

area of synthesized multi-level implementation [5]. Since

our synthesis architecture indirectly implements ~ using

g and t, we shall aim to obtain a low cost transform func-

tion t, which on exclusive-ORing with ~ will produce a

g with minimum number of cubes. We give a heuristic

based on recursive Shannon expansion to obtain a trans-

form t which attempts to satisfy the above criteria.

Consider a Boolean function j(X) = f(zl, x2, . . . . m)

of independent variables .cis. The Shannon expansion [6]

of a function around variable xi is obtained as:

f(zl, z2, ... zi, ... zrt) = &f(zl, z2, ... o,.., $m)+

@(cl,z2, . . . 1,.., zn) (3)

This may be expressed compactly as:

We will call f~i and f=i as cofactors. The expansion can

be applied recursively to divide a function into subfunc-

tions, depicted as a binary tree in Figure 2.

We obtain the Shannon expansion of f about a se-

lected subset of input variables. The choice of the input

variables and their order of application will be discussed

in the next subsection. Having expanded f about the

first variable xi, we minimize the two subfunction in the

current level of the expansion tree using ESPRESSO to

obtain the MSOP forms for their ON and OFF sets. If

the MSOP form of the OFF set of a subfunction has lower

cost (number of cubes), we would like to complement that

subfunction. Suppose, we decide to complement f=i. We

will transform f to g according to Equation 1, using xi

as the transform function. Thus,

g = f@zi = (i-i f~i+zij.~)@zi (5)

On simplification, we get

g = ii f;.- + m’ f;i (6)

Thus, the Shannon expansion of g about xi has the same

cofactors as those of ~ except the cofactor with respect

to Zi has been complemented. A generalization of this

procedure becomes evident by a later example.

In Figure 2, suppose the expansion about xi does not

provide an adequate reduction in cubes. We then post-

pone the selection of t and proceed to the next level. of

expansion, about the variable xj. INOW we have four co-

factors. Any of these can be complemented to reduce

the number of cubes. For example, f$itij will be com-

plemented if t is chosen as zixj. Similarly, it can be

shown that more than one cofactor will be complemented

if the transform function is a disjunction of the individual

transform functions.

At any stage in the expansion, the total number of

cubes for g has an upper bound that is the sum of cubes

in all cofactors in that stage. After we minimize this up-

per bound by selectively complementing cofactors, the

corresponding transform function t is constructed and

ESPRESSO (-Dxor option) is used to find the MSOP

form for f @ t. Once the reduction in cubes satisfies

some user specified threshold, we construct the transform

function. Otherwise, we continue the search for a better

transform function, through expanding f further about

remaining variables. The process is continued until the

reduction in the number of cubes exceeds the specified

threshold (15% in our experiments) or until the cost c}f t

increases to a point that does not justify further Shannon

expansion.

Finding the optimal subset of variables for Shannon

expansion is a non-trivial problem. In our experience, we

observed that the most suitable input variables have the

least number of don’t cares (X) with a balanced distri-

bution of zeros and ones in the MSOP form. We ha,ve

employed the following heuristic non-binateness measure

(NM) as a figure of merit to choose between the various

input variables of f. We define, for each xi:

NM(i) = 2 x N.(i)+ INl(i) - No(i)l (?)

where N=(i), IV.(i) and IVl (i) denote, respectively, the

number of don’t cares (X), 0s and 1s in the ith column

of the MSOP form of ~. Variable with the smallest NM

is empirically found to give good results. This generally

haa a small number of Xs and hence corresponds to a
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Figure 3: Transform function for ~, t = .c1.z3 + Z-1.;3.

Costs in parentheses are for complemented functions.

variable that the function strongly depends on. Having a

symmetric distribution of 0s and Is is likely to make the

two subfunctions after Shannon expansion, to be similar

in complexity. Experiments show the usefulness of this

heuristic. We minimize -f using ESPRESSO to obtain its

MSOP form and list the input variabies in ascending order

of their non-binateness measure NM. Shannon expansion

will use the above ordering of input variables.

As an example, consider the Boolean function

~(zl, x2, x3, z4) in the Karnaugh map (a) of Figure 3.

Its MSOP form is shown in Table 1. The figures of

merit for input variables, as computed from Equation 7,

are: NM(1) = O, NM(2) = 4, fVM(3) = O and

NM(4) = 4. Hence the ordering of variables for Shan-

non expansion will be xl, x3, x2 and x4. We first ex-

pand the function around variable xl. This gives the two

subfunctions ~lf~l = (OOOX, OXOO, 0111) and Zl}=l =

(1101, 101X, 1X1O) as shown on either side of the bold

vertical line in the center of the Karnaugh map (a) of

Figure 3. The subfunctions ~=-1 = (XOOX, XXOO, Xlll)

and ~Cl = (X101, XOIX, XX1O) are shown on the Kar-

naugh maps (b) and (c) of Figure 3. The cost of each sub-

function as well as its complement is three cubes. Since

no cube reduction is possible by complementing any sub-

function, we proceed to the next level of recursion and

obtain Shannon expansions around variable x3, for each

subfunction. We now have four subfunctions aa shown

in Karnaugh maps (d) through (g) of Figure 3. Clearly,

the cost of subfunctions ~~l=-s in (d) and~=1z3 in (g) can

be reduced by taking the complement of these subfunc-

tions. Those complements have a single cube each. This

is done by exclusive- ORlng with Z-l Z-3 and z 1x3, respec-

f

X3
I

Table 1: Example function f

Z1 X2 Z3 x4 Ifl

o 0 0 XII

L_.__.J
Oxool

01111

11011

101X1

1X101

t

cost=6(6) c0st=2(2)

Figure 4: Derivation of a transformed function

tively. Hence the transform function will have two cubes;

i.e., t = (OXOX, 1X1X). The function g as obtained

from Equation 1 is shown in Figure 4. Notice that func-

tion g is obtained by complementing those minterms of

f for which t is 1. Since we have achieved a significant

reduction (6 cubes to 1 cube), we accept this transform

function. The transform based realization is shown in

Figure 5. The transform function t = .i_li3 + z1z3, is a

single exclusive-NOR gate.

4 Experimental Results

We synthesized several PLAs from the ESPRESSO

benchmarks [7]. First, an output function was minimized

(as single output function) using the -Dso_both option of

ESPRESSO and the set having the smaller number of

cubes among ON and OFF sets was chosen as a refer-

ence. We then derive a transform function t and obtain

the transformed function g with a lower cost than the ref-

erence. Only those output functions of PLAs that yield

reasonable reduction in multi-level area using the trans-

form approach, are reported in Table 2. The PLA name,

the number of inputs (I) and the output number (O #)

denoting the output function that was optimized by our

approach are given in columns 1 to 3, respectively. Un-
der # Cubes, we list the number of cubes in the MSOP

form for f, t and g. Then f, t and g were synthesized

using S1S Version 1.2 [8] and technology mapped using

the mcnc.genlib standard cell library supported by the

package. The synthesis script (which uses script. rwgged)

of S1S is given below:

read-pla ‘Ipla-name”

resub -a

simplify -d

sveep; eliminate -1

simplify -m nocomp
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Figure 5: Transform based realization

Table 2: Experimental results for customized transform

PLA I o Cubes Multi-level Area

Name # ftg ft g Tot Yored

alu2 10 1 522 19 3 8 16 15.8

alu2 10 6 17 2 13 56 5 42 52 7.1

alu3 10 1 412 143311 21.4

b9 16 1 917 55 3 40 48 12.7

dc2 8 4 1219 67 3 49 57 14.9

dist 8 4 40 1 34 228 2 189 196 14.0

dist 8 5 43 1 36 209 0 181 186 11.0

ex 7 16 1 917 55 3 40 48 12.7

exps 8 9 25 1 21 186 6 131 142 23.7

f51m 8 1 23 1 11 99 0 43 48 51.5

f51m 8 2 1818 68 0 40 45 33.8

f51m 8 3 1416 51 0 28 .33 35.3

f51m 8 5 512 2009 14 30.0

19 133 11 102 118 11.3

2219 111 5 93 103 7.2

3115 95 0 69 74 22.1
11X 54 2 42 50 7.4

lin.rom 7 1 24 3

Iin.rom 7 11 22

fin.rom 7 13 19

lin.rom 7 21 11---- ---- ----
max128 9 18 25 1 20 123 0 103 108 12.2

mlpt 8 4 36 2 31 200 10 145 160 20.0
nrnm 2 9 3 15 1 19 134 3 106 114 14.9

t
=._...- .

I 1

intb I 1514 90 1 80 I 301 0 218 223 25.9\ !
-.

, ,

Avc.]-]- 22 1 18 109 3 80 88 19.0

eliminate -i

sweep; eliminate 5

simplify -m nocomp

resub -a

fx

resub -a; sweep

eliminate -1; sweep

full-simplify -m nocomp

read-library mcnc.genlib

map -mO -AF

print-map-stats

The multi-level area after synthesis and mappingof

these functions isreported in columns labeled Multt-level

Area. The Tot area is that required for the transform

ba.sed implementation including the areas oftandg and

the cost ofa two-input ExcIusive-OR gate (5units inthe

mcnc.genlib library). When t haa one cube with a single

variable, the area of t is zero as that variable becomes

a direct input to the output exclusive-OR gate. Finally,

thepercentage reduction, ~ored=lOO(.f -tot) /~, in the

multi-level area relative to the reference is reported in the

last column. Averages for cubes and areas for 21 PLAs are

given in the last row. We notice that the average saving in

area is 19% and that on an average the transform function

t required only one cube.

We did not always succeed in obtaining multi-level area

reduction, even in cases where we get significant reduction

in the number of cubes. Further, we could not always find

a transform function that can achieve reduction in num-

ber of cubes above the specified threshold (15% in this

case). However, our experiments with random functions

revealed that in more than 60% of cases where cube reduc-

tion in excess of 10~o was obtained, we could also achieve

reduction in multi-level area by the transform approach.

5 Conclusion

The novel synthesis approach using Boolean trans-

forms optimizes a logic design beyond what is possible

with present-day synthesis tools. Our focus was the re-

duction of area. We outlined a heuristic procedure based

on recursive Shannon expansion of a function, for the de-

sign of a suitable transform function. Experimental re-

sults on several benchmark PLAs reveal the potential of

the transform based synthesis approach. Further work is

required to devise transform functions to optimize other

relevant performance parameters such as delay, power

consumption and testability.
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