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Abstract

We present NEWMIN, an efficient cube-based algo-
rithm for minimazation of single Boolean functions. The
salient features of the algorithm are that it does not gener-
ate all the prime cubes, and highly efficient heuristics are
used to obtain a minumal SPC cover. This leads to savings
in computation time and reduces the cost of the solution
as well for some classes of functions. The performance
of a prototype implemeniation of NEWMIN s compared
to that of ESPRESSO, the best known logic minimizer
currently available. Our algorithm efficiently handles
Achilles’ heel functions which ESPRESSO finds difficult.
Further, as is evident from the results, NEWMIN echibits
better performance on several classes of functions such as
parity functions, cyclic functions and most randomly gen-
erated functions.

1 Introduction

Boolean function minimization is an essential step in
the design of digital logic circuits. Several algorithms
for two-level logic minimization have been developed
[1, 2, 3, 4, 5, 6]. Since exact minimization is impractical
or too expensive in most real life situations, most of the
successful algorithms employ efficient heuristics to obtain
a near optimal solution within reasonable computational
resources. ESPRESSO (3] is by far the most popular al-
gorithm currently in use. However it requires the comple-
ment of a function to be computed, which can be poten-
tially expensive in some cases. Further, some classes of
functions such a parity functions and certain cyclic func-
tions are not effectively handled by ESPRESSO. In this
work, we develop a new heuristic algorithm that seeks to
rectify these deficiencies. Our algorithm does not require
the complement of the function to be computed, nor do
we generate all prime cubes as in the classical Quine-
McCluskey algorithm [1]. We employ effective heuristics
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to handle those classes of functions which ESPRESSO
finds difficult to minimize. These heuristics are totally
different from those reported earlier [6] and achieve far
better results compared to previous work.

2 Basic Terminology

Before we present the algorithm, the notations and cu-
bical operations extensively used in the paper are briefly
explained [7]. We assume that some of the basic terms of
logic design and switching theory, such as minterm, prod-
uct term, sum of product (SOP) form, minimum sum of
product(MSOP) form, conjunctive and disjunctive canon-
ical form (CCF and DCF) and others are already familiar
to the reader.

e The Cube: A cube is n-tuple A={a;as...a,} where,
a; belongs to {0, 1, X}. A cube can represent a
product term of up to n-variables. A variable that
appears in the true (complement) form is coded with
a 1(0) and a variable that does not appear in a prod-
uct term is coded with an X. For example, the 4 vari-
able function f{a,b,c,d) = abc’ + d’ can be denoted
by

Rab,c,d) = {110X , XXXO0 }

The dimension of a cube gives the number of vari-
ables absent in the product term which the cube rep-
resents. A minterm is a cube of dimension 0 and is
therefore called a 0-cube. The cube XXXO0 represent-
ing d’ has a dimension 3, and is therefore a 3-cube.
Note that the dimension of a cube is given by the
number of Xs. Also note that a cube of dimension
a of an n-variable function is obtained by combin-
ing 2% minterms of the nr-variable function. Again
an a-cube of an n-variable function (0 < a < n)isa
product term of (n-a) number of variables.

¢ Logical Adjacency: If two minterms differ exactly
in one variable position, then they are said to be
logically adjacent to each other. When one says dif-
fer exactly in one variable position one means that
exactly one variable appears complemented in one

528

1063-9667/97 $10.00 © 1997 IEEE



minterm and in its true form in the other minterm.
Two cubes are logically adjacent if there is exactly
one variable position between the two cubes with a
0-1/1-0 conflict. If two cubes are logically adjacent,
then there is at least one pair of logically adjacent
minterms between the two cubes.

e Degree of Adjacency: The Degree of Adjacency of
a cube under test is the number of cubes of the func-
tion under consideration which are logically adjacent
to that cube under test.

¢ Subsuming Relation: A cube pl subsumes cube
p2 (denoted pI C p2) if all minterms of pI are cov-
ered by p2.

e Prime Cube: A Prime Cube, also called a Prime
Implicant, is a cube of the given function that can-
not grow larger by expanding into other cubes of the
function.

e Essential Prime Cube: If among the minterms
subsuming a prime cube, there is at least one that is
covered by this and only this prime cube, then the
prime cube is called an Essential Prime Cube (EPC).

¢ Redundant Prime Cube: If each of the minterms
subsuming a prime cube are covered by other essen-
tial prime cubes, then the prime cube is called Re-

dundant Prime Cube (RPC).

e Selective Prime Cube: A prime cube which is
neither Essential nor Redundant is called a Selective
Prime Cube(SPC). Among the minterms subsuming
an SPC there is at least one that is covered neither by
an EPC nor by this and only this prime cube. There-
fore, the existence of one SPC implies the existence
of another.

We now proceed to present the NEWMIN algorithm.
The algorithm has two phases. (1) The essential
prime cube or EPC phase; (2) The selective prime
cube or SPC phase. The input to the algorithm is
a set of cubes constituting the ONSET of the func-
tion {minterms for which the function evaluates to a
logical ‘1’) and a set of cubes (optional) constitut-
ing the don’t-care or DCSET (minterms for which
the function value is a don’t-care and hence can take
the value of 1 or a 0). The algorithm outputs a set
of cubes constituting a minimum or near minimum
number of cubes which is a cover for the ONSET
of the function and which may include some of the
minterms from the DCSET.

The EPC Phase

We start with two definitions.

¢ Distinguished Minterm (DM): A DM of a func-
tion is any minterm that is covered by one and only
one Prime Cube (PC) of the function. By definition
, any prime cube that covers at least one DM is an
Essential Prime Cube.

¢ Adjacent and Intersecting Cubes of a PC p;
(AIC(p:)): AIC(p;) are those cubes:

1. In ONSET U DCSET which are logically ad-
jacent to p;. (U denotes the cubical set union
operation).

2. In DCSET which intersect p;.

3. In ONSET which intersect p; without subsum-
ing p;.

In the EPC phase, we identify all the EPCs of the
given function and move them into the solution as well
as DCSET. This involves expanding each ONSET cube
maximally to obtain a prime cube and checking whether
this cube contains one or more DMs. Steps to identify
the EPCs of the function are briefly explained below.

If AIC(p;) = ¢, then p; is an EPC and is moved into the
solution and DCSET. In fact, once any cube is identified
and included as part of the final solution, it can be treated
as a don’t care cube, during subsequent processing.

For each cube p; in the ONSET, we compute the AICs.
If p; subsumes AIC(p;) then we delete p; as a redundant
cube; otherwise p; is maximally expanded in ON U DC
and its AIC is computed again. Now we do a tautology
check to see if p; is an EPC. If it passes the test, p; is
moved into the solution and DCSET and all cubes in
DCSET that subsume p; are deleted from DCSET.

While computing, AIC(p;), if we find any cube in ON-
SET that subsumes p;, it is deleted from ONSET. The
tautology check is done as follows. For each literal po-
sition under the 0s or 1s (non X positions) of the max-
imally expanded p;, modify the corresponding literals in
the cubes of AIC(p;) by making them equal to the vari-
able position in p;. Now we compute p; # AIC(p;) and
if this is not null, then p; is identified as an EPC. (The
symbol # indicates the cubical set difference or sharp op-
eration.) Once a cube is found to be an EPC, it is moved
into solution and DCSET and is deleted from ONSET.

3.1 Example

An example which illustrates how the EPCs are identi-
fied by the tautology check is shown in Figure 1. Here ON
= {0001, 0011, 1X01, 1X10, 111X} and DC = {01X1}.
Consider the first cube 0001. The AIC is the set {0011,
1X01, 01X1}. The cube 0001, after maximal expansion
becomes 0XX1. Now the cube 0011 in the ONSET sub-
sumes the expanded cube and hence we delete the cube
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0011 from the ONSET. The AIC of the expanded cube
0XX1 is the set {1X01, 111X, 01X1}. Now we do the tau-
tology check on 0XX1 by the sharp operation. We show
only the variables in AIC under the Xs of the cube under
test.

Res = (XX) # ({X0, 11, 1X}) = {01}

Since Res is non null, 0XX1 is an EPC and we move
this cube into solution set and DCSET. The DM, in this
case, is 0011. Now we can delete the cube 01X1 from the
DCSET, as it subsumes the newly added cube 0XXI1.

Similarly consider the cube 1X01. After maximal ex-
pansion it becomes XX01 and its AICs are {111X, 0XX1}.
On tautology check

Res = (XX) # {11, 0X} = {10}

Therefore the XX01 is also an EPC and its DM is 1001.
We move this EPC into both DC and solution sets.

Now consider the cube 1X10. It cannot be expanded
further. Its AICs are {111X}

Res= (X) # (1) = {0}

which is not null. Therefore 1X10 is an EPC and its
DM is 1010 and we move this EPC into both DC and
solution sets.

Similarly consider the cube 111X. It cannot be ex-
panded further. Its AICs are {XX01, 0XX1, 1X10}.

Res=(X)#{1,1,0} =¢

Since Res is null, tautology exists and hence 111X is
not an EPC.

The EPCs of the above function are thus identified
as {XX01, 0XX1, 1X10}. The SPC phase is described
below.

ab
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Figure 1: Example illustrating the EPC phase

4 The SPC Phase

Qur objective in the SPC phase is to choose a minimal
number of SPCs to cover all mintermsin the ONSET that
are not covered by the already identified EPCs. Steps
involved in this procedure are :

1. Order the cubes in the ONSET by finding the cubes
which have intersection with DCSET and place these
cubes at the beginning of the ONSET.

2. Reshape (change the shape of cube) each cube 1n
the ONSET to obtain a better initial configuration
of the cubes. Delete all cubes which are redundant
from ONSET. This often also reduces the size of the
ONSET cover.

3. If no cube in ONSET has an intersection with DC-
SET or if DCSET is null, we choose largest cube
which has least degree of adjacency (DA) and move
it into DCSET and solution and delete the chosen
cube from ONSET.

4. Reshape each cube C; in ONSET if Ci' = C; # (
ON U DC - C; ) results in not more than one cube.
After reshaping, move it into DCSET and solution
and delete it from ONSET. If C,’ is more than one
cube for all ONSET cubes, choose again the largest
cube which has least DA. Move it into DCSET and
solution and delete it from ONSET. Now we go to
step 3 and the process is continued till there is no
cube left in the ONSET.

The various steps are explained below. Once EPCs are
identified and moved into the solution, the ONSET con-
sists of a set of SPCs. We reshape each SPC if possible
to make it cover other cubes in the ONSET. To achieve
this, we take each cube in the ONSET, obtain that part
which is not covered by any other cube in the ONSET or
DCSET and expand this part towards other cubes in the
ONSET. The uncovered part of C; is given by taking C;’
= C; # ( ON U DC - C; ) where the RHS of the sharp
operation consists of all cubes in ON and DC excluding
C,. If C;’ has more than one cube, we do not reshape C;,
but retain it as such in the ONSET. After reshaping we
can delete any redundant cube, thus obtaining a better
initial configuration for the SPC phase. Now we look at
the cubes in ONSET which have non-empty intersection
with DC and move them to the head of the list of cubes in
ONSET. We take each such cube C;, obtain their uncov-
ered part C;’ and if it is a single cube, reshape it in ON U
DC. While reshaping, C;’ is first expanded towards other
cubes in ONSET and finally maximally expanded in ON
U DC. Once C; is reshaped, we push it into the solution
and DC, delete it from ONSET and reshape those cubes
which have intersection with the reshaped cube.

If no cube in ONSET has proper intersection with DC
(i.e., if C is more than one cube) or if all cubes in ON-
SET are disjoint with DC, or if DC is null, we order
the cubes in ONSET according to size and choose among
the largest cubes, one having the least DA. Thus cube is
moved into DCSET and solution. If several cubes among
the largest cubes in ON have the same DA, we choose
that cube having a non-empty intersection with another
cube in ONSET. Once such a cube is chosen and moved
into the solution, we delete it from the ONSET and pro-
ceed by reshaping cubes which have intersection with the
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chosen cube. A cube C; is reshaped only if the uncovered
portion (i.e., Ci’ = C; # (ON U DC - C; )) generates only
one cube. The above steps are iterated till the ONSET
becomes empty.

4.1 Example
00 11 10
00 Q )‘"—> p4
EPC '
z M

AL

p2

Figure 2: An example of identifying SPCs

The example shown in Figure 2 illustrates the steps in
the algorithm. The initial configuration of the function
after EPCs are identified, is as shown in Figure 2. The
EPC is shown shaded.

During reshaping, we have to start reshaping the cube
which has an intersection with DC, that is p1 ( X1X0).
The part of this cube which is the portion not covered by
any other cube in the ONSET or DCSET is 0110.

Expanding this portion towards unconsidered cubes
first, then expanding maximally only towards ONSET,
and finally towards both ON and DC SETs, gives back the
cube X1X0. Now, we reshape the cube p2 (111X) which
has an intersection with the reshaped cube X1X0, to give
new p2 (1X11) which is shown in Figure 3. Similarly re-
shape the cube p3 (10X1) which has an intersection with
1X11, to give new p3 (100X) as shown in the Figure 3.
The cube p4 (1X00) has intersection with reshaped p3
(100X) in Figure 3. The uncovered portion of this cube
is null. Therefore we can delete p4 from the ONSET. For
the cube p5 (001X) reshaping is not possible, since it is
disjoint from all other cubes in the ONSET.

The configuration of the cubes of the function after re-
shaping phase in as shown in Figure 3. In this configura-
tion no cube has intersection with DC except X1X0. But
uncovered part p;’ (1100, X110) of this cube is more than
one cube. Hence we have to choose the largest cube in
the ONSET, which is the cube X1X0. We move this cube
into the DC and solution and delete it from the ONSET.
Now we check for the intersecting cubes, and here there

00

EPC
01

11

10

p4 DA(1)
Figure 3: Cubes after reshaping

is no ONSET cube having intersection with the chosen
cube. Hence we search for the largest cube in the ON-
SET. There are three equal sized cubes 100X, 1X11 and
001X. We choose the cube which has least DA (the DA for
these cubes is shown in the figure) but two cubes have the
same DA. Among these we look for a the cube which has
an intersection with ONSET. Both 100X and 001X does
not have any intersection. So choose arbitrarily any one
cube, say 001X, move it in to DC and solution and delete
it from the ONSET. The remaining cubes in the ONSET
are disjoint from the DC and hence we move these cubes
into solution and DC . The final solution 1s as shown in
Figure 4.

EPC

or | U

11

=

SPC

10

aE

SPC

Figure 4: Solution
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5 Experimental Results

Table 1 compares the CPU time as well as the num-
ber of cubes in the solution for ESPRESSO (ESP) and
NEWMIN (NEW) by running various functions on both
the algorithms. In the table, 1, o and p refer to the num-
ber of input variables, number of output functions and
the initial number of product terms respectively. Those
PLAs for which ESPRESSO did not complete minimiza-
tion within 3000 cpu seconds (on an IBM RS6000/591
unix workstation) are indicated by a — in the table.

There is a special class of functions which ESPRESSO
finds “unreasonable” and therefore difficult to minimize
[3]. Achilles’ heel function is defined as

f=&12323 + T4Xs5%6 + ... + L3p-2L3k-1L3 Where k
is any positive integer.

This function is unate, has 3k variables, and its mini-
mum cover has k cubes. However, its complement f’ has
a minimum cover of 3* cubes. So as the number of vari-
ables increases the complement of the function becomes
extremely large. This last property of Achilles’ heel func-
tion poses problem to ESPRESSO since it has to generate
the complement of the function. However a very heipful
characteristic of these class of functions, which apparently
has not been utilized by ESPRESSO is its unateness.

A switching function is unate if and only if it can be
expressed as a sum of prime cubes, all intersecting at a
common subcube or minterm. Furthermore, all the prime
cubes of a unate function are essential primes cubes [7].

Since, the Achilles’ heel function, and therefore also its
complement are unate, once it is expressed as a sum of
prime cubes, all the prime cubes will be EPCs. We check
the initial cubes in the ONSET for unateness before en-
tering the EPC procedure. Since Achilles’ heel functions
pass the unate test, we will not invoke the EPC phase but
will directly pass the input cubes into the solution.

In the case of the off set of Achilles’ heel function we
find that there is a exponential increase in the number
of cubes as the number of the variables increase. For
k variable off set function there will be 3% cubes. The
NEWMIN algorithm is much faster than ESPRESSO for
the Achilles’ heel function, because without going into the
EPC phase it identifies the function as unate. If number
of variables exceeds 21 ESPRESSO cannot handle the
funetion, whereag even for 30 variable function NEWMIN
algorithm performs well. The computational results for
Achilles’ heel OFFSET are shown in Table 1.

XOR problems are a class of parity functions for which
there is no possibility of further minimization. Here the
solution conmsists of 2"~! EPCs for an a-variable prob-
lem. This is because in these class of functions, no two
minterms are logically adjacent, which means that no two
minterms can be combined (Two minterms can be com-
bined only if the Hamming distance between them is one).

Table 1: Minimization Results
Func. Input file Cubes in CPU sec
Name (i,0.p) solution RS 6000/591
NEW | ESP | NEW | ESP ||

Ac. Heel 15,1,243 243 243 <. 1.3
Off-set 18,1,729 729 729 .1 14.3
21,1,2187 2187 2187 1.2 123.6

24,1,6561 6561 —_ 6.6 —_

27,1,19683 19683 — 52.8 —_—

30.1,59049 59049 —_ 475.8 —_—

XOR 12,1,2048 2048 2048 2 21.7
13,1,1096 4096 4096 4 85.7

14,1,8192 8192 8192 7 340
15,1,16384 16384 16384 1.3 1360

16,1,32768 32768 — 3.5 —

oDSs 9,1,16 9 9 < 0.1 8.7
10,1,18 10 10 < 041 50.4

14,1,26 14 — 0.3 _—

18,1,34 18 —_ 0.9 —_

20,1,38 20 — 1.5 —_

25,1,48 25 — 5.2 —_

28,1,54 28 — 9.7 —

31.1,60 31 —_ 17.3 _—
Rand. 7,512,128 11428 11455 87.8 103.8
8, 256.256 11874 11988 64.7 97.4

9, 128,512 8738 8814 52 94.1
10,64,1024 10562 10599 118.5 168.9
11,32,2048 10057 10083 2777 289.5
12,16,4096 2784 2776 111.8 174.3

This would mean that all the PIs that are formed will be
Essential Prime Implicants. A minterm with 0 Degree of
Adjacency is a Essential Prime Implicant. This property
is exploited by the NEWMIN algorithm. From Table 1 it
can be seen that the NEWMIN algorithm handles these
functions quite efficiently and performs much better than
ESPRESSO.

The other class of functions which we have called as the
ODS (one diagonal short) functions have all the minterms
of the function except a pair of opposite minterms. (Such
a pair of opposite minterms constitute a diagonal in an
n-dimensional hypercube). An ODS function of n vari-
ables is a cyclic function and has more than one n-cube
minimum solution. In these functions, there are no EPCs
or RPCs but only SPCs. This is generally considered
as a tough class of problems to solve. These are the
cyclic functions in which several nested cycles exist. This
means that, once a cycle is broken by choosing one of the
least DA largest SPCs, we encounter another cycle and
so on. ESPRESSO finds it very difficult to handle these
types of functions. If the number variables exceeds 10,
ESPRESSO fails to minimize it, whereas the NEWMIN
algorithm handles these functions very efficiently even for
large cyclic problems. The results show that exact mini-
mization is achieved much faster than ESPRESSO, which
is shown in Table 1.

We have run NEWMIN algorithm on some randomly
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